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Bayesian frameworks are widely used for inverse problems in vibration and acoustics, including
applications such as transfer path analysis. However, uncertainty quantification (UQ), which is often
regarded as one of the main merits of Bayesian methods, is highly dependent on the perspective from which
the results are interpreted, which is in turn strongly influenced by the accuracy of the underlying physical
model. Moreover, even weakly informative priors may introduce non-negligible biases in UQ. This paper
investigates vibration propagation in a small-scale structure driven by a balanced armature loudspeaker.
We examine how model mismatches and prior specifications affect UQ results through combined
experimental and numerical studies. The results show that while Bayesian methods provide a powerful
framework for UQ, they are sensitive to structural model errors and prior assumptions. The Inverse-Gamma
prior regularizes the variance estimates and discourages degeneracy toward zero, thereby improving the
stability of uncertainty quantification, particularly for weakly informative parameters in complex-valued
models. This study offers practical insights into achieving robust inference under the Bayesian framework
in structural dynamics.

1 Introduction

Bayesian inference has become a widely used framework for addressing inverse problems. It is particularly relevant in
the fields of acoustics and vibration, where many problems involve inferring unknown physical quantities from
observations. In this context, applications of Bayesian frameworks have emerged in areas such as sound source
reconstruction [1], machine condition monitoring [2], and transfer path analysis [3]. A key advantage of Bayesian
frameworks is often regarded as their ability to provide uncertainty quantification (UQ) for unknown parameters. The
resulting posterior distributions characterize the corresponding uncertainties and can offer insights into model adequacy
in the presence of measurement noise and limited information.

There is no universal consensus on a single, standardized methodology for Bayesian uncertainty quantification. Some
researchers characterize uncertainty via the spread of the posterior distribution [4], while others use the standard deviation
of model residuals as an evaluation criterion [5]. Alghamdi et al. [6] consider posterior distribution shape metrics, such
as skewness. Brogna et al. [7] make use of the full set of posterior samples within a Monte Carlo framework to propagate
model uncertainty and generate response populations. These applications of UQ indeed highlight the strengths of the
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Bayesian framework from different perspectives. However, these approaches largely operate under the assumption that
the forward model is sufficiently accurate and therefore may not fully account for the impact of model discrepancy on
uncertainty quantification. A critical challenge arises when the forward model itself contains inherent biases, which can
lead to the confounding of structural modeling errors with random measurement noise. Parallel to the model fidelity
concern, the effectiveness of UQ is highly sensitive to prior specification [8]. Lemoine et al. [9] showed that varying prior
specifications can yield disparate posterior estimates from the same dataset. This suggests that Bayesian UQ is influenced
by whether the prior appropriately accounts for the underlying mechanism. Overall, these observations imply that the
reliability and meaning of Bayesian uncertainty quantification are not inherently guaranteed, necessitating an appropriate
perspective for their interpretation.

In this paper, we investigate how UQ results are affected through a case study of vibration propagation in a small-scale
structure driven by a balanced armature loudspeaker. We first examine the impact of unmodelled dynamics within a
Bayesian framework and then analyze the influence of prior specification. The remainder of the paper is organized as
follows. Section 2 introduces the Bayesian model formulation for the virtual point transformation. Section 3 describes the
experimental setup. Section 4 presents the results, and Section 5 provides the discussion and conclusions.

2 Theory

2.1 Virtual point transformation (VPT)

The Virtual Point Transformation (VPT) is utilized to group observed dynamics from various geometrical positions into
a condensed 6-degree-of-freedom (6-DOF) virtual point motion [10]. This approach is particularly valuable for our study
on small-scale structures, as it enables the reliable characterization of rotational motion which is often difficult to capture
directly. The dynamic relationship between the velocity at a local observation point v* and the virtual point motion dyp

can be expressed as: R
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where q,, = [qx, y 4z 96, 96, qu] € C° contains both the translational and angular velocities of the virtual point,
r= [rx, 7y, TZ] is the leverage arm from the virtual point to the measurement positions and organized accordingly in the R
matrix. The virtual point motion can be derived from the global form of Eq. (1) as

4,y = R}V, ()
where v € CM denotes the vector of N observations, the operator + indicates a Moore-Penrose inversion. The general
transformation matrix R from Eq. (1) is specialized here as R, € R¥*® to correspond specifically to the observation
vector v. Solving for q,, using traditional approaches, such as the least-squares method, typically requires the system to
be overdetermined; as a rule of thumb, N > 12 are needed in our measurement.
A foundational assumption of the VPT is that the target region undergoes rigid-body motion. On the one hand, our small-
scale model naturally shifts the structural resonances to higher frequencies, thereby extending the effective bandwidth of
the rigid-body assumption. On the other hand, complex non-rigid motions, induced by air-structure interactions in our
study, may violate this assumption and introduce unavoidable systematic biases into the 6-DOF reconstruction.

2.2 Bayesian VPT

By regarding the virtual point motion as the unknown parameters to be estimated, the Bayesian framework provides a
probabilistic approach to account for measurement noise and robustly infer qyp,. The forward model can be expressed as

v=R,q,; +¢€ 3)

Assuming additive Gaussian noise € with the variance 62, the likelihood of the observations follows a multivariate
complex Gaussian distribution:

v Qvp, Uez ~ CN(quvp, O'EZI). (4)



Although the Bayesian framework can relax the requirement for an overdetermined system via prior information, we
nonetheless maintain N = 12 in our experimental setup by conducting measurements across twelve distinct locations.

Selecting an appropriate prior for gy, remains a significant challenge. Since the modeling is conducted in the complex
domain, we can assume a Gaussian prior with mean of zero; hence we have

Qvp | Yq~ CN(O, Yqzl)- (5)
For the scale parameter y,, half-Cauchy(0, 2.5) is widely adopted as a “default” weakly informative prior. However, the
Cauchy distribution can be excessively uninformative when the physical scale of the virtual point motion is unknown.
Student-t distribution family student-t(v, 0,s) offers a more flexible alternative, where the degrees of freedom v and
especially the scale s can be tuned according to the expected response magnitude, providing a balance between robustness
and informative constraints. However, their tendency to concentrate probability mass near zero may still lead to challenges
in practical applications.

In this study, we emphasize the use of the Inverse-Gamma prior Inv-Gamma(e, £) (e.g., with & = f = 0.25). This choice
provides a unique advantage for our system. Unlike the Cauchy or Student-t priors which are peaked at zero, the
probability density of the Inverse-Gamma distribution vanishes at the origin. This property serves as a protective
mechanism: it reduces the tendency of weakly informative motion parameters to collapse toward zero due to measurement
noise or systematic biases. While the prior for the complex-valued g, remains centered at zero, the Inverse-Gamma

facilitates an "escape" from the origin, ensuring the signal is not over-suppressed by noise.

3 Method

The machined block structure shown in Fig. 1 is excited by a balanced armature loudspeaker suspended within a
cylindrical cavity inside the structure (see Fig. 2); the shaking balanced armature loudspeaker induces both mechanical
and acoustic excitation to the outer structure through a tubing system. We utilize a laser vibrometer to measure the velocity
response at the target region at 12 locations, with four measurement points along each of the three orthogonal directions.
The outer tube of the structure is coupled to a B&K 2cc click-on coupler (Type 4946), where a condenser microphone is
mounted to monitor the sound pressure at the terminal. The measured responses are referenced to the input electrical
signal of the loudspeaker (measured in Volt) to mitigate asynchronous errors. The long-duration signals are then
decomposed into frequency-domain snapshots using a Short-Time Fourier Transform (STFT), providing the complex-
valued observations required for the Bayesian 6-DOF reconstruction.

Figure 1: Experimental setup, with the dashed box indicating the target (interface) region.

The polymethyl methacrylate (PMMA) block is relatively stiff, thereby supporting the rigid-body assumption required
for the VPT. Nevertheless, the tube passing through the target region introduces considerable air-structure interaction
effects, which induce localized non-rigid deformations, such as tubing expansion and contraction. These motions manifest
at the observation points and are measured by the laser vibrometer. Since these components do not conform to the
geometric constraints of a rigid body, they cannot be consistently mapped to the 6-DOF virtual point coordinates. The
effects of air-borne excitation are consequently reflected in our uncertainty quantification (UQ).
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Figure 2: Schematic of the tubing system.

4  Results and Discussion

Asiillustrated in Fig. 3, the estimated noise spectrum o, (f) is compared with the acoustic pressure measured at the coupler
terminal over the 500-8000 Hz range. Above 2000 Hz, o, closely follows the measured sound pressure, with the three
dominant acoustic resonance peaks aligning with the local maxima of o, and the overall spectra exhibiting similar trends.
This correspondence implies that, within this Bayesian framework, o, reflects not only random measurement noise but
also contributions from unmodeled non-rigid dynamics arising from air-structure interaction..
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Figure 3: Bayesian model noise level, expressed as 10 log; (o2 /arzef) with 0o = 1 X 107, is compared to the
measured sound pressure frequency response function (FRF) in dB re 2 X 1075 Pa/V.

The impact of the prior on uncertainty quantification is illustrated in Fig. 4. It can be observed that the Cauchy and
Student-t priors yield approximately consistent posterior estimates for the FRF magnitude of the angular velocity qg,,
whereas the Inverse-Gamma prior produces estimate that are closer to the minimum-norm least-squares (MNLS) solution.
To assess which result is more reasonable, we can consider the associated credible intervals as preliminary evidence. The
Student-t family priors (with the Cauchy as a special case) exhibit wide credible intervals across the entire frequency
range despite the model is well converged, indicating substantial uncertainty in the estimated parameters; meanwhile,
compared to the noise level illustrated in Fig. 3, the estimated parameter is highly impacted or even dominated by the
noise across the whole frequency range. In contrast, the Inv-Gamma prior prioritizes signal preservation, effectively
resists noise interference, and provides a narrower credible interval above 2.5 kHz. This large divergence in estimation
output results from the distinct underlying strategies of the priors: the Student-t priors tend to enforce sparsity by shrinking
weakly supported coefficients toward zero; while the Inv-Gamma prior prevents this structural collapse and better suited
to recovering weak signals that would otherwise be suppressed by noise or systematic bias. It can also be observed in Fig.
5 that for the velocity q, with a stronger signal, these priors yield relatively similar posterior outputs.
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Figure 4: Comparison of FRF magnitude (qg, ) estimates across different priors; the magnitude is in dB re
1 x 1078 rad/(s - V) . Here, IG denotes the Inv-Gamma prior and ¢ the Student-t prior. The Inv-Gamma prior (green
solid) aligns closely with the MNLS solution (blue dotted), whereas the Cauchy and Student-t priors (red/purple dashed
curves) exhibit pronounced shrinkage toward zero and wide 90% credible intervals, indicating high uncertainty. Note
that these results are based on a single snapshot observation (N = 12).
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Figure 5: Comparison of FRF magnitude (q,) estimates across different priors; the magnitude is in dB re
1Xx107%m/(s-V).

The decisive evidence is presented in Fig. 6. When incorporating additional snapshots into the observations (four
snapshots corresponding to N = 48 observations), the posterior mean obtained with the Cauchy prior shifts away from
the noise-dominated estimate toward the stable output previously achieved by the Inv-Gamma prior with only one single
snapshot (N = 12). Nevertheless, the response curve under the Cauchy prior remains significantly less smooth, and the
corresponding credible intervals exhibit large, rapid fluctuations. This behaviour indicates persistent instability in the

estimation, further underscoring the inadequacy of the Cauchy prior in this context and demonstrating the superior
robustness of the Inv-Gamma prior.
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Figure 6: Influence of multiple snapshots on the Cauchy prior. The Cauchy case utilizes a stacked dataset of four
snapshots (N = 48), while the IG and MNLS cases maintain one snapshot.

When used as a prior for the scale (i.e., the standard deviation) of complex-valued parameters, the Inv-Gamma prior
demonstrates superior performance. Its heavy tails allow extreme values, while its structure prevents variance collapse to
zero, thereby maintaining sufficient posterior variability and reducing over-shrinkage of both the real and imaginary
components of the parameter. It mitigates the risk that their estimates are dominated by residual effects

These observations collectively demonstrate that the choice of prior has a critical impact on the posterior uncertainty. In
particular, the Inv-Gamma prior provides a more robust and stable estimation within the present model. Conversely, when
the prior is poorly specified, as in the case of the Cauchy or Student-t priors, the posterior sampling may still converge
numerically, but the resulting uncertainty quantification can be severely distorted. Such misleading UQ not only fails to
reflect the true confidence in the estimated parameters but also carries the risk of propagating errors in any subsequent
analysis or decision-making based on these posterior estimates. These results underscore the importance of carefully
selecting prior distributions, particularly for models with parameters that are inherently weakly informative and thus
easily obscured or biased by measurement noise and model imperfections.

5 Conclusion

In this study, we investigated the impact of model mismatches and prior specifications on uncertainty quantification (UQ)
of the Bayesian framework in a case of vibration transmission. Our results imply that unmodeled non-rigid dynamics
affect the residual of the Bayesian model, particularly above 2 kHz. Through comparison of multiple prior distributions,
we demonstrate that the improper prior choices can substantially distort the UQ results. In our case, the Inverse-Gamma
prior provides robust and stable estimates, effectively mitigating noise interference and preventing variance collapse, in
contrast, Cauchy and Student-t prior lead to wide and fluctuating credible intervals, indicating sensitivity to noise.

In summary, the interpretation of Uncertainty Quantification (UQ) requires a comprehensive understanding of the
underlying model, especially regarding unmodeled dynamics and inherent model limitations. Our findings also
underscore the critical importance of judicious prior selection in the Bayesian modelling of weakly informative parameters,
particularly within noisy or partially modelled systems. Future work may extend these insights by exploring hybrid or
adaptive prior strategies to further enhance posterior stability.
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