Monte Carlo analysis of magnitude and phase uncertainty in vibration measurements
compared with the GUM method
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Primary calibration of accelerometers by laser interferometry per ISO 16063-11 involves an
uncertainty budget dominated by Type B components assigned rectangular distributions, such as
transverse sensitivity, mounting effects, and frequency response corrections. The conventional
GUM framework assumes Gaussian output and applies a fixed coverage factor k£ = 2, which may
not accurately represent the true coverage interval when rectangular components dominate the
variance. In this work, we apply a Monte Carlo simulation with 10° iterations to the measurement
model of the SASO-NMCC primary vibration calibration system (SPEKTRA CS18P HF) across
the frequency range 10 Hz—10 kHz. The resulting output distributions are platykurtic, with excess
kurtosis between —0.35 and —0.02 for magnitude and —0.17 to —0.10 for phase. The GUM
expanded uncertainty consistently overestimates the Monte Carlo 95 % coverage interval by 2—4
%, and the ratio Unca/ Ugun correlates linearly with excess kurtosis (» = 0.974 for magnitude, » =
0.896 for phase). A Pareto analysis of variance contributions reveals that the dominant uncertainty
sources and their distribution types shift with frequency, explaining the frequency-dependent
kurtosis behaviour. Phase uncertainty is found to be more uniformly distributed across sources
and consistently closer to Gaussian than magnitude. These findings extend Monte Carlo
validation of accelerometer calibration uncertainty beyond GUM and provide a frequency-
resolved diagnostic for identifying when the Gaussian approximation is adequate

1 Introduction

Reliable evaluation of measurement uncertainty is a cornerstone of calibration practice, as codified by the
Guide to the Expression of Uncertainty in Measurement (GUM) [1] and its supplements [2, 3]. The GUM
framework evaluates combined standard uncertainty through the law of propagation of uncertainty (LPU) and
constructs expanded uncertainty intervals assuming a Gaussian output distribution with coverage factor £ =2
for approximately 95 % coverage. This approach is analytically efficient and widely adopted, but its validity
depends on the assumption that the output PDF is approximately normal a condition that may not hold when
the uncertainty budget is dominated by non-Gaussian (e.g. rectangular) Type B components.

The need for alternative methods, particularly Monte Carlo propagation of distributions per JCGM 101:2008
[2], has been recognised across metrology. However, a recent comprehensive European survey by Klauenberg
et al. [4] found that training and practical implementation of Monte Carlo methods remain limited: only one-
third of surveyed courses for NMI staff and calibration laboratories cover distribution propagation via Monte
Carlo, and fewer than 10 % address multivariate models. Among the three most common training needs
identified, improved understanding and delivery of Monte Carlo methods ranked as a priority across NMlIs,
calibration laboratories, testing laboratories, and legal metrology communities. The survey also noted that
domain-specific demonstrations, grounded in actual calibration data, are essential for bridging the gap between
theory and practice.



In vibration metrology, uncertainty evaluation for primary accelerometer calibration by laser interferometry
(ISO 16063-11 [5]) is well established within the GUM framework. The uncertainty budget typically comprises
Type A repeatability from multiple laser beam positions alongside numerous Type B contributions: transverse
sensitivity, mounting effects, frequency response of the reference standard, cable effects, amplifier gain
stability, relative motion between DUT and reference surface, systematic biases, and environmental influences
[5, 6]. Many of these are assigned rectangular distributions based on manufacturer specifications or tolerance
limits. When such components dominate the total variance, the central limit theorem may not adequately drive
the output distribution toward Gaussian shape, and the & = 1.96 assumption becomes conservative.

Previous comparisons of GUM and Monte Carlo methods in other metrology domains have confirmed this
pattern. Mahmoud and Hegazy [7] reported approximately 3 % overestimation in hardness measurements;
Bettencourt da Silva and Lino [8] found 10 % overestimation for cadmium determination; and Azpurua et al.
[9] documented similar behaviour in EMC testing. Alassaf et al [10] demonstrated gate-time-dependent
overestimation (up to 8.4 %) in frequency measurements, directly linked to excess kurtosis of the output
distribution. These studies share a common mechanism: when the output distribution is platykurtic (negative
excess kurtosis), the £ = 1.96 Gaussian interval provides more than 95 % actual coverage, making GUM
conservative.

Despite the maturity of ISO 16063-11 uncertainty budgets, Monte Carlo validation specific to primary
accelerometer calibration remains scarce in the published literature. This work addresses that gap by applying
Monte Carlo simulation to the complete uncertainty model of a primary vibration calibration system across 10
Hz-10 kHz, with particular attention to the frequency dependence of the output distribution shape and the
distinction between magnitude and phase uncertainty behaviour.

2  Experimental Setup and Uncertainty Model

2.1 Calibration system

Primary accelerometer calibration was performed using a SPEKTRA CS18P HF vibration calibration system
following ISO 16063-11. The system comprises an SE-09 air-bearing electrodynamic shaker driven by a power
amplifier and controlled by an SRS-35 digital signal processing unit. Vibration velocity is measured by a
Polytec CLV laser Doppler vibrometer, from which acceleration is derived. The device under test (DUT) a
piezoelectric accelerometer (ICP, charge, or direct type) is mounted on the shaker armature with controlled
torque (< 2 N-m) using Vaseline coupling. Calibrations were performed at multiple laser beam positions
(typically four opposing positions) to average out transverse and rocking motion effects. Environmental
conditions were maintained at (23.0 & 3.0) °C and (50 + 15) % relative humidity.

The measurands are the complex sensitivity magnitude S (in mV/(m/s?)) and phase ¢ (in degrees) as functions
of excitation frequency. The sensitivity magnitude is determined from the ratio of DUT output voltage to the
laser-derived acceleration, and the phase from the relative timing between the two signals, both evaluated via
DFT at each calibration frequency.

2.2  Uncertainty model

The measurement model for the relative perturbation of magnitude and phase follows the structure of ISO
16063-11 Annex B. The output quantity is the deviation of the measured sensitivity from its true value,
expressed as the sum of independent error contributions:
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where each ¢ represents an independent uncertainty source. The sources considered and their assigned
distributions are summarised in Table 1, following the conventions of EA-4/02 [6] and the CS18P system
documentation. Each Type B source is assigned either a normal or rectangular distribution based on how the
associated limit was established: manufacturer specifications and tolerance limits yield rectangular
distributions, while calibration certificate uncertainties and repeatability data yield normal distributions.

Table 1: Uncertainty sources for primary accelerometer calibration by laser interferometry. Distribution assignments
follow ISO 16063-11 and EA-4/02.

Source Symbol Distribution
Repeatability (Type A, multiple Uy Normal
laser positions)

Transverse sensitivity Utrans Rectangular
Frequency response of reference Ufreq Normal
(laser)

Mounting effects Umount Rectangular
Cable effects Ucable Rectangular
Amplifier gain stability Uamp Normal
DUT mounting location Uioc Rectangular
Voltage measurement Uyolr Normal
uncertainty

Residual (distortion, noise floor) Uresid Normal
Relative motion Urel Rectangular
Standard vibration sensitivity Usd Normal
Hum and background vibration Upum Rectangular
Harmonic distortion Uharm Rectangular
Magnetic sensitivity Umag Rectangular
Linearity Ujin Rectangular
Temperature change Utemp Rectangular
Noise Unoise Normal

The individual standard uncertainty values are frequency-dependent: some sources (e.g. transverse sensitivity,
relative motion) grow at higher frequencies due to mechanical resonance and rocking mode effects, while
others (e.g. hum, cable) diminish in relative importance. This frequency dependence of the uncertainty budget
composition is central to understanding the frequency-dependent behaviour of the output distribution shape.

2.3 Monte Carlo simulation

The Monte Carlo simulation was implemented with 10 iterations per frequency point. At each iteration, each
input quantity was sampled from its assigned distribution (normal or rectangular) with the corresponding
standard uncertainty as the scale parameter. The samples were summed to produce the output perturbation.
The 95 % coverage interval was extracted as the 2.5th and 97.5th percentiles of the output distribution. Excess
kurtosis and skewness were computed from the simulated output samples. The GUM expanded uncertainty
was computed in parallel using LPU with £ = 1.96 for comparison.



3 Results

Fig. 1 shows the Monte Carlo output distributions (histograms) overlaid with the GUM Gaussian
approximation at four representative frequencies (16, 160, 1000, 5000 Hz) for both magnitude and phase. The
magnitude distributions are visibly platykurtic at lower frequencies (k =—0.35 at 16 Hz), where the rectangular-
distributed transverse, mounting, and cable components dominate the variance. As frequency increases, the
relative contribution of normally distributed sources (frequency response, amplifier gain) grows, and the
distribution approaches Gaussian (k = —0.07 at 5000 Hz). Phase distributions are consistently closer to
Gaussian (k between —0.17 and —0.10), reflecting a more balanced mix of normal and rectangular sources
across the frequency range.
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Fig 1. Monte Carlo (MCM) vs. GUM Gaussian distributions of magnitude and phase perturbations.

The Shapiro—Wilk p-values shown in Fig. 1 provide a complementary diagnostic: p < 0.05 (rejecting
normality) is observed at frequencies where excess kurtosis is most negative, while p > 0.05 (consistent with
normality) occurs where kurtosis approaches zero.

Fig. 2 presents the Pareto breakdown of variance contributions at 160 Hz for magnitude and phase. For
magnitude, three rectangular-distributed sources transverse sensitivity, frequency response, and mounting
together account for approximately 70 % of the total variance. This rectangular dominance drives the
platykurtic shape of the output distribution. For phase, the budget is more evenly distributed: amplifier gain
(normal) and location (rectangular) are the two largest contributors, each near 25 %, followed by transverse
sensitivity (rectangular) and several other sources of comparable magnitude. The more balanced mix between
normal and rectangular distributions in the phase budget explains why phase output distributions are
consistently closer to Gaussian.



Transverse

Freq resp G

Mounting

Cable

Amp gain G

Location

Voltage UX

Residual

Hum

Harmonics

Magnetic

Magnitude at 160 Hz

Phase at 160 Hz

Amp gain G
Location
Transverse
Voltage UX
Freq resp G
Rel motion
Cable
StdvS
Residual
Lincarity

Hum

Temp change
Distribution
Noise BN Rectangular
BN Normal
F T T T T T k T T T T T
5 10 15 20 25 0 5 10 15 20 25

Variance contribution (%)

Variance contribution (%)

Fig 2. Variance contributions (%) of individual uncertainty sources to magnitude (left) and phase (right) of
accelerometer.

The fraction of total variance attributable to rectangular-distributed sources serves as a predictor of the output
distribution shape. When this fraction exceeds approximately 65 %, the excess kurtosis drops below —0.15,
and the GUM-MC discrepancy becomes measurable.

Fig. 3 shows the excess kurtosis and rectangular variance fraction as functions of frequency for magnitude
(upper panel) and phase (lower panel). For magnitude, excess kurtosis ranges from —0.35 at 10 Hz to —0.02 at
10 kHz, with a transition zone near 1 kHz where the rectangular variance fraction decreases from
approximately 70 % to 40 %. This transition reflects the shift in dominant uncertainty sources: at low
frequencies, transverse sensitivity and mounting effects (both rectangular) dominate; at high frequencies,
amplifier and laser response (both normal) contribute a larger share.
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Fig 3. Excess kurtosis « (blue, left axis) and rectangular-source variance fraction (red, right axis) vs. frequency for
magnitude (top) and phase (bottom).

For phase, kurtosis is more stable across frequency (—0.17 to —0.10), consistent with the observation that the
phase uncertainty budget maintains a relatively constant mix of distribution types. The rectangular variance
fraction for phase remains between approximately 50 % and 70 % across most of the frequency range, with a
notable change only at the extreme ends.

Fig. 4 shows the ratio Umcm/Ugum plotted against excess kurtosis for all calibration frequencies, for both
magnitude (panel a) and phase (panel b). The data point colour encodes frequency. A strong linear correlation
is observed: for magnitude, » = 0.974 with slope 0.060; for phase, = 0.896 with slope 0.050. These correlations
confirm that excess kurtosis is a reliable single-parameter predictor of the GUM overestimation magnitude:
each unit decrease in kurtosis corresponds to approximately 5—6 % additional overestimation of the expanded
uncertainty.

(a) Magnitude (b) Phase
. 0 10000
0.980 / 0978
/0
'y
(; 0977 4 °® 8000
/
0.975 4 3, ,
0.976 o %¢
3 " 6000 3
o P y =
2 0.975 / o® g
S 0970 / @ 5
g 2
5 T 4000 2
v [ J
0.965 /
/ 0973 /
/ &’ 2000
(4
z 0.972 ’
] r=0.974 | ’ r=0.896
0960 1 @ slope =0.0603 | ™ slope =0.0495

T T T T T T T
0.3 0.2 0.1 0.175 -0.150 —0.125 —0.100
Excess kurtosis K Excess kurtosis K

Fig 4. Ratio of MCM to GUM expanded uncertainties vs. excess kurtosis k for magnitude (a) and phase (b), color-coded
by frequency. The strong positive correlation (r = 0.974 and 0.896) shows that GUM systematically overestimates
coverage intervals when output distributions are platykurtic.

The Uumcerm/Ugum ratio ranges from 0.960 to 0.980 for magnitude (2—4 % overestimation) and from 0.971 to
0.978 for phase (2.2-2.9 % overestimation). These values are consistent with GUM Annex G, Note 1 to G.6.6,
which states that for any confidence level above approximately 91.7 %, the coverage factor for a Gaussian
distribution exceeds that for distributions formed by convolution of rectangular distributions. The GUM’s
conservatism in this application is modest and may be acceptable in practice; however, the systematic nature
of the overestimation — predictable from the budget composition — makes it appropriate to quantify [1].

The results establish a coherent chain: rectangular dominance in the uncertainty budget — platykurtic output
— GUM overestimation — predictable from kurtosis. This chain is not specific to accelerometer calibration
[10]. The mechanism is inherent to the GUM framework whenever Type B rectangular components dominate
and the coverage factor £ = 1.96 is applied under a Gaussian assumption.

The distinction between magnitude and phase behaviour is noteworthy. Phase uncertainty in accelerometer
calibration draws on a broader set of sources with a more balanced distribution-type mix, leading to output
distributions that are consistently closer to Gaussian. This finding has practical relevance: laboratories that rely
on GUM £ =2 for both magnitude and phase uncertainty statements are more conservative for magnitude than
for phase, and the degree of conservatism varies with frequency. Laboratories operating near the edges of their



claimed CMC values may benefit from Monte Carlo evaluation to determine tighter, but more accurate,
coverage intervals.

From a training perspective, the Klauenberg et al. [4] survey demonstrated that Monte Carlo methods are
undertaught and underpracticed, particularly in calibration laboratories and for specific measurement domains.
The present work provides a domain-specific demonstration rooted in a real calibration system operating under
ISO 16063-11 that can serve as both a practical example and a validation case for uncertainty training in
vibration metrology.

4  Summary

Monte Carlo simulation applied to a primary accelerometer calibration system reveals that GUM overestimates
the 95 % expanded uncertainty by 2—4 % for sensitivity magnitude and 2.2-2.9 % for phase, with the magnitude
of overestimation predictable from the excess kurtosis of the output distribution (» = 0.974 for magnitude).
The kurtosis, in turn, is determined by the fraction of total variance contributed by rectangular-distributed Type
B sources, which shifts systematically with calibration frequency. Phase uncertainty is consistently closer to
Gaussian due to a more balanced distribution-type mix in its uncertainty budget.

These findings extend the GUM—Monte Carlo comparison framework to vibration metrology, address a gap
identified in European metrology training surveys, and provide a frequency-resolved diagnostic for assessing
when the Gaussian approximation is adequate in accelerometer calibration. Future work will apply non-
parametric bootstrap methods to the Type A component to remove the last distributional assumption from the
uncertainty evaluation.
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